
2
Simulation Examples

This chapter presents several examples of simulations that can be performed
by devising a simulation table either manually or with a spreadsheet. The
simulation table provides a systematic method for tracking system state over
time. These examples provide insight into the methodology of discrete system
simulation and the descriptive statistics used for predicting system performance.

The simulations in this chapter entail three steps:

1. Determine the characteristics of each of the inputs to the simulation.
Quite often, these may be modeled as probability distributions, either
continuous or discrete.

2. Construct a simulation table. Each simulation table is different, for each
is developed for the problem at hand. An example of a simulation ta-
ble is shown in Table 2.1. In this example there are p inputs, xij , j =
1, 2, . . . , p, and one response, yi , for each of repetitions i = 1, 2, . . . , n.
Initialize the table by filling in the data for repetition 1.

3. For each repetition i , generate a value for each of the p inputs, and eval-
uate the function, calculating a value of the response yi . The input values
may be computed by sampling values from the distributions determined
in step 1. A response typically depends on the inputs and one or more
previous responses.

This chapter gives a number of simulation examples in queueing, inven-
tory, and reliability. The two queueing examples provide a single-server and
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24 Chap. 2 Simulation Examples

two-server system, respectively. (Chapter 6 provides more insight into queue-
ing models.) The first inventory example involves a problem that has a closed-
form solution; thus the simulation solution can be compared to the mathemat-
ical solution. The second inventory example pertains to the classic order-level
model.

Finally, there is an example that introduces the concept of random normal
numbers and a model for the determinination of lead-time demand.

2.1 Simulation of Queueing Systems

A queueing system is described by its calling population, the nature of the ar-
rivals, the service mechanism, the system capacity, and the queueing discipline.
These attributes of a queueing system are described in detail in Chapter 6. A
simple single-channel queueing system is portrayed in Figure 2.1.

Server
Waiting line

Calling population

Figure 2.1 Queueing system.

In the single-channel queue, the calling population is infinite; that is, if a
unit leaves the calling population and joins the waiting line or enters service,
there is no change in the arrival rate of other units that may need service.
Arrivals for service occur one at a time in a random fashion; once they join the
waiting line, they are eventually served. In addition, service times are of some
random length according to a probability distribution which does not change
over time. The system capacity has no limit, meaning that any number of units
can wait in line. Finally, units are served in the order of their arrival (often
called FIFO: first in, first out) by a single server or channel.

Table 2.1 Simulation Table

Inputs
Response

Repetitions xi1 xi2 · · · xij · · · xip yi

1

2

3

·
·
·
n
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Arrivals and services are defined by the distribution of the time between
arrivals and the distribution of service times, respectively. For any simple single-
or multi-channel queue, the overall effective arrival rate must be less than the
total service rate, or the waiting line will grow without bound. When queues
grow without bound, they are termed “explosive” or unstable. (In some reen-
trant queueing networks in which units return a number of times to the same
server before finally exiting the system, the condition about arrival rate being
less than service rate may not guarantee stability. See Harrison and Nguyen
[1995] for more explanation. Interestingly, this type of instability was noticed
first, not in theory, but in actual manufacturing in semiconductor plants.) More
complex situations may occur—for example, arrival rates that are greater than
service rates for short periods of time, or networks of queues with routing.
However, this chapter sticks to the simplest, more basic queues.

Prior to introducing several simulations of queueing systems, it is neces-
sary to understand the concepts of system state, events, and simulation clock.
(These concepts are studied systematically in Chapter 3.) The state of the sys-
tem is the number of units in the system and the status of the server, busy or
idle. An event is a set of circumstances that cause an instantaneous change in
the state of the system. In a single-channel queueing system there are only two
possible events that can affect the state of the system. They are the entry of a
unit into the system (the arrival event) or the completion of service on a unit
(the departure event). The queueing system includes the server, the unit being
serviced (if one is being serviced), and units in the queue (if any are waiting).
The simulation clock is used to track simulated time.

If a unit has just completed service, the simulation proceeds in the manner
shown in the flow diagram of Figure 2.2. Note that the server has only two
possible states: it is either busy or idle.

Departure
event

No Yes Remove the waiting unit
from the queue

Begin servicing
the unit

Begin server
idle time

Another
unit waiting

?

Figure 2.2 Service-just-completed flow diagram.

The arrival event occurs when a unit enters the system. The flow diagram
for the arrival event is shown in Figure 2.3. The unit may find the server either
idle or busy; therefore, either the unit begins service immediately, or it enters the
queue for the server. The unit follows the course of action shown in Figure 2.4.
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Arrival
event

Unit enters
service

Unit enters
queue for
service

No YesServer
busy

?

Figure 2.3 Unit-entering-system flow diagram.

If the server is busy, the unit enters the queue. If the server is idle and the
queue is empty, the unit begins service. It is not possible for the server to be
idle and the queue to be nonempty.

Not empty

Enter queue

Impossible

Empty

Enter queue

Enter service

Busy

Idle

Server
status

Queue status

Figure 2.4 Potential unit actions upon
arrival.

After the completion of a service the server may become idle or remain
busy with the next unit. The relationship of these two outcomes to the status
of the queue is shown in Figure 2.5. If the queue is not empty, another unit
will enter the server and it will be busy. If the queue is empty, the server will
be idle after a service is completed. These two possibilities are shown as the
shaded portions of Figure 2.5. It is impossible for the server to become busy if
the queue is empty when a service is completed. Similarly, it is impossible for
the server to be idle after a service is completed when the queue is not empty.

Not empty

Impossible

Empty

ImpossibleBusy

Idle

Server
outcomes

Queue status

Figure 2.5 Server outcomes after service
completion.

Now, how can the events described above occur in simulated time? Sim-
ulations of queueing systems generally require the maintenance of an event
list for determining what happens next. The event list tracks the future times
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at which the different types of events occur. Simulations using event lists are
described in Chapter 3. This chapter simplifies the simulation by tracking each
unit explicitly. Simulation clock times for arrivals and departures are computed
in a simulation table customized for each problem. In simulation, events usu-
ally occur at random times, the randomness imitating uncertainty in real life.
For example, it is not known with certainty when the next customer will arrive
at a grocery checkout counter, or how long the bank teller will take to complete
a transaction. In these cases, a statistical model of the data is developed from
either data collected and analyzed, or subjective estimates and assumptions.

The randomness needed to imitate real life is made possible through the
use of “random numbers.” Random numbers are distributed uniformly and
independently on the interval (0, 1). Random digits are uniformly distributed
on the set {0, 1, 2, . . . , 9}. Random digits can be used to form random numbers
by selecting the proper number of digits for each random number and placing
a decimal point to the left of the value selected. The proper number of digits
is dictated by the accuracy of the data being used for input purposes. If the
input distribution has values with two decimal places, two digits are taken from
a random-digits table (such as Table A.1) and the decimal point is placed to the
left to form a random number.

Random numbers can also be generated in simulation packages and in
spreadsheets such as Excel®. For example, Excel has a macro function called
RAND() that returns a “random” number between 0 and 1. When numbers
are generated using a procedure, they are often referred to as pseudo-random
numbers. Since the method is known, it is always possible to know the sequence
of numbers that will be generated prior to the simulation. The most commonly
used methods for generating random numbers are discussed in Chapter 7.

In a single-channel queueing system interarrival times and service times
are generated from the distributions of these random variables. The examples
that follow show how such times are generated. For simplicity, assume that the
times between arrivals were generated by rolling a die five times and recording
the up face. Table 2.2 contains a set of five interarrival times generated in this
manner. These five interarrival times are used to compute the arrival times of
six customers at the queueing system.

Table 2.2 Interarrival and Clock
Times

Interarrival Arrival

Customer Time Time on Clock

1 − 0

2 2 2

3 4 6

4 1 7

5 2 9

6 6 15
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Table 2.3 Service
Times

Service

Customer Time

1 2

2 1

3 3

4 2

5 1

6 4

The first customer is assumed to arrive at clock time 0. This starts the
clock in operation. The second customer arrives two time units later, at a clock
time of 2. The third customer arrives four time units later, at a clock time of 6;
and so on.

The second time of interest is the service time. Table 2.3 contains service
times generated at random from a distribution of service times. The only possi-
ble service times are one, two, three, and four time units. Assuming that all four
values are equally likely to occur, these values could have been generated by
placing the numbers one through four on chips and drawing the chips from a hat
with replacement, being sure to record the numbers selected. Now, the inter-
arrival times and service times must be meshed to simulate the single-channel
queueing system. As shown in Table 2.4, the first customer arrives at clock
time 0 and immediately begins service, which requires two minutes. Service is
completed at clock time 2. The second customer arrives at clock time 2 and is
finished at clock time 3. Note that the fourth customer arrived at clock time 7,
but service could not begin until clock time 9. This occurred because customer
3 did not finish service until clock time 9.

Table 2.4 was designed specifically for a single-channel queue which serves
customers on a first-in, first-out (FIFO) basis. It keeps track of the clock time

Table 2.4 Simulation Table Emphasizing Clock Times

A B C D E

Arrival Time Service Service Time Service

Customer Time Begins Time Ends

Number (Clock) (Clock) (Duration) (Clock)

1 0 0 2 2

2 2 2 1 3

3 6 6 3 9

4 7 9 2 11

5 9 11 1 12

6 15 15 4 19
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Table 2.5 Chronological
Ordering of
Events

Customer Clock

Event Type Number Time

Arrival 1 0

Departure 1 2

Arrival 2 2

Departure 2 3

Arrival 3 6

Arrival 4 7

Departure 3 9

Arrival 5 9

Departure 4 11

Departure 5 12

Arrival 6 15

Departure 6 19

at which each event occurs. The second column of Table 2.4 records the clock
time of each arrival event, while the last column records the clock time of each
departure event. The occurrence of the two types of events in chronological
order is shown in Table 2.5 and Figure 2.6.
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Figure 2.6 Number of customers in the system.

It should be noted that Table 2.5 is ordered by clock time, in which case
the events may or may not be ordered by customer number. The chronological
ordering of events is the basis of the approach to discrete-event simulation
described in Chapter 3.

Figure 2.6 depicts the number of customers in the system at the various
clock times. It is a visual image of the event listing of Table 2.5. Customer 1
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Table 2.6 Distribution of Time Between Arrivals

Time between

Arrivals Cumulative Random-Digit

(Minutes) Probability Probability Assignment

1 0.125 0.125 001−125

2 0.125 0.250 126−250

3 0.125 0.375 251−375

4 0.125 0.500 376−500

5 0.125 0.625 501−625

6 0.125 0.750 626−750

7 0.125 0.875 751−875

8 0.125 1.000 876−000

is in the system from clock time 0 to clock time 2. Customer 2 arrives at clock
time 2 and departs at clock time 3. No customers are in the system from clock
time 3 to clock time 6. During some time periods two customers are in the
system, such as at clock time 8, when both customers 3 and 4 are in the system.
Also, there are times when events occur simultaneously, such as at clock time
9, when customer 5 arrives and customer 3 departs.

Example 2.1 follows the logic described above while keeping track of
a number of attributes of the system. Example 2.2 is concerned with a two-
channel queueing system. The flow diagrams for a multichannel queueing
system are slightly different from those for a single-channel system. The devel-
opment and interpretation of these flow diagrams is left as an exercise for the
reader.

EXAMPLE 2.1 Single-Channel Queue
A small grocery store has only one checkout counter. Customers arrive at this
checkout counter at random from 1 to 8 minutes apart. Each possible value of
interarrival time has the same probability of occurrence, as shown in Table 2.6.
The service times vary from 1 to 6 minutes with the probabilities shown in
Table 2.7. The problem is to analyze the system by simulating the arrival and
service of 20 customers.

Table 2.7 Service-Time Distribution

Service Time Cumulative Random-Digit

(Minutes) Probability Probability Assignment

1 0.10 0.10 01−10

2 0.20 0.30 11−30

3 0.30 0.60 31−60

4 0.25 0.85 61−85

5 0.10 0.95 86−95

6 0.05 1.00 96−00
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In actuality, 20 customers is too small a sample size to allow drawing any
reliable conclusions. The accuracy of the results is enhanced by increasing the
sample size, as discussed in Chapter 11. However, the purpose of the exercise
is to demonstrate how simple simulations can be carried out in a table, either
manually or with a spreadsheet, not to recommend changes in the grocery store.
A second issue, discussed thoroughly in Chapter 11, is that of initial conditions.
A simulation of a grocery store that starts with an empty system is not realistic
unless the intention is to model the system from startup or to model until steady-
state operation is reached. Here, to keep things simple, starting conditions and
concerns are overlooked.

A set of uniformly distributed random numbers is needed to generate
the arrivals at the checkout counter. Random numbers have the following
properties:

1. The set of random numbers is uniformly distributed between 0 and 1.
2. Successive random numbers are independent.

With tabular simulations, random digits such as those found in Table A.1 in
the Appendix can be converted to random numbers. If using a spreadsheet,
most have a built-in random-number generator such as RAND() in Excel. The
example in the text uses random digits from Table A.1; in some of the exercises
the student is asked to use a spreadsheet.

Random digits are converted to random numbers by placing a decimal
point appropriately. Since the probabilities in Table 2.6 are accurate to 3 signif-
icant digits, three-place random numbers will suffice. It is necessary to list only
19 random numbers to generate times between arrivals. Why only 19 numbers?
The first arrival is assumed to occur at time 0, so only 19 more arrivals need to
be generated to end up with 20 customers. Similarly, for Table 2.7, two-place
random numbers will suffice.

The rightmost two columns of Tables 2.6 and 2.7 are used to generate ran-
dom arrivals and random service times. The third column in each table contains
the cumulative probability for the distribution. The rightmost column contains
the random digit-assignment. In Table 2.6, the first random-digit assignment
is 001–125. There are 1000 three-digit values possible (001 through 000). The
probability of a time-between-arrivals of 1 minute is 0.125, and 125 of the 1000
random-digit values are assigned to such an occurrence. Times between ar-
rivals for 19 customers are generated by listing 19 three-digit values from Table
A.1 and comparing them to the random-digit assignment of Table 2.6.

For manual simulations, it is good practice to start at a random position in
the random-digit table and proceed in a systematic direction, never re-using the
same stream of digits in a given problem. If the same pattern is used repeatedly,
bias could result, because the same event pattern would be generated. In Excel,
each time the random function RAND() is evaluated, it returns a new random
value.

The time-between-arrival determination is shown in Table 2.8. Note that
the first random digits are 913. To obtain the corresponding time between
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Table 2.8 Time-Between-Arrivals Determination

Time between Time between

Random Arrivals Random Arrivals

Customer Digits (Minutes) Customer Digits (Minutes)

1 − − 11 109 1

2 913 8 12 093 1

3 727 6 13 607 5

4 015 1 14 738 6

5 948 8 15 359 3

6 309 3 16 888 8

7 922 8 17 106 1

8 753 7 18 212 2

9 235 2 19 493 4

10 302 3 20 535 5

arrivals, enter the fourth column of Table 2.6 and read 8 minutes from the first
column of the table. Alternatively, we see that 0.913 is between the cumulative
probabilities 0.876 and 1.000, again resulting in 8 minutes as the generated time.

Service times for all 20 customers are shown in Table 2.9. These service
times were generated based on the methodology described above, together with
the aid of Table 2.7. The first customer’s service time is 4 minutes because the
random digits 84 fall in the bracket 61–85, or alternatively because the derived
random number 0.84 falls between the cumulative probabilities 0.61 and 0.85.

Table 2.9 Service Times Generated

Service Service

Random Time Random Time

Customer Digits (Minutes) Customer Digits (Minutes)

1 84 4 11 32 3

2 10 1 12 94 5

3 74 4 13 79 4

4 53 3 14 05 1

5 17 2 15 79 5

6 79 4 16 84 4

7 91 5 17 52 3

8 67 4 18 55 3

9 89 5 19 30 2

10 38 3 20 50 3
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The essence of a manual simulation is the simulation table. These ta-
bles are designed for the problem at hand, with columns added to answer the
questions posed. The simulation table for the single-channel queue, shown in
Table 2.10, is an extension of the type of table already seen in Table 2.4. The
first step is to initialize the table by filling in cells for the first customer. The
first customer is assumed to arrive at time 0. Service begins immediately and
finishes at time 4. The customer was in the system for 4 minutes. After the
first customer, subsequent rows in the table are based on the random numbers
for interarrival time and service time and the completion time of the previous
customer. For example, the second customer arrives at time 8. Thus, the server
(checkout person) was idle for 4 minutes. Skipping down to the fourth cus-
tomer, it is seen that this customer arrived at time 15 but could not be served
until time 18. This customer had to wait in the queue for 3 minutes. This pro-
cess continues for all 20 customers. Extra columns have been added to collect
statistical measures of performance such as each customer’s time in the system
and the server’s idle time (if any) since the previous customer departed. In
order to compute summary statistics, totals are formed as shown for service
times, time customers spend in the system, idle time of the server, and time the
customers wait in the queue.

In the exercises, the reader is asked to implement the simulation table for
the single-channel queue, Table 2.10, in Excel or another spreadsheet. Here
we give some hints when using Excel. The key column to compute is column
E, the “Time Service Begins”. (We leave for the reader the question of how to
compute the random interarrival and service times, but suggest the RAND()
random number generator or other built-in distribution in Excel.) First, the
reader may fill in row 1 for the first customer manually. The values for the
remaining customers must use macro formulas (which begin with an equals
sign in Excel). Note that a customer begins service at the later of its own
arrival time (column C) or the completion time (column G) of the previous
customer. Therefore, for customer 10, service begins at E10 = MAX(C10,
G9), where MAX() is the Excel macro function that returns the maximum
value in a range or list of cells. This easily generalizes to other customers.
(The statistical measures in columns H and I are easily computed by simple
subtractions–also left for the reader.) A final hint on how to verify your spread-
sheet model: instead of using a random function for arrivals and service times,
type in the actual values given in Table 2.10 in columns B and D. If your for-
mulas are correct, the spreadsheet should duplicate Table 2.10 exactly. After
verification, replace the numbers by an appropriate random function. Then
on each recalculation of the spreadsheet (function key F9 in Excel), it will
generate new random numbers and you will get a new ‘’run” of the simula-
tion.

Some of the findings from the simulation in Table 2.10 are as follows:
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1. The average waiting time for a customer is 2.8 minutes. This is determined
in the following manner:

average waiting time
(minutes)

= total time customers wait in queue (minutes)
total numbers of customers

= 56
20

= 2.8 minutes

2. The probability that a customer has to wait in the queue is 0.65. This is
determined in the following manner:

probability (wait) = number of customers who wait
total number of customers

= 13
20

= 0.65

3. The fraction of idle time of the server is 0.21. This is determined in the
following manner:

probability of idle
server

= total idle time of server (minutes)
total run time of simulation (minutes)

= 18
86

= 0.21

The probability of the server being busy is the complement of 0.21, or
0.79.

4. The average service time is 3.4 minutes, determined as follows:

average service time
(minutes)

= total service time (minutes)
total number of customers

= 68
20

= 3.4 minutes

This result can be compared with the expected service time by finding the
mean of the service-time distribution using the equation

E(S) =
∞∑

s=0

sp(s)

Applying the expected-value equation to the distribution in Table 2.7
gives an expected service time of:

= 1(0.10) + 2(0.20) + 3(0.30) + 4(0.25) + 5(0.10) + 6(0.05)

= 3.2 minutes

The expected service time is slightly lower than the average service time
in the simulation. The longer the simulation, the closer the average will
be to E(S).
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Table 2.10 Simulation Table for Queueing Problem

A B C D E F G H I
Time Since Service Time Time Customer Time Time Customer Idle Time
Last Arrival Arrival Time Service Waits in Queue Service Spends in System of Server

Customer (Minutes) Time (Minutes) Begins (Minutes) Ends (Minutes) (Minutes)
1 − 0 4 0 0 4 4 0
2 8 8 1 8 0 9 1 4
3 6 14 4 14 0 18 4 5
4 1 15 3 18 3 21 6 0
5 8 23 2 23 0 25 2 2
6 3 26 4 26 0 30 4 1
7 8 34 5 34 0 39 5 4
8 7 41 4 41 0 45 4 2
9 2 43 5 45 2 50 7 0

10 3 46 3 50 4 53 7 0
11 1 47 3 53 6 56 9 0
12 1 48 5 56 8 61 13 0
13 5 53 4 61 8 65 12 0
14 6 59 1 65 6 66 7 0
15 3 62 5 66 4 71 9 0
16 8 70 4 71 1 75 5 0
17 1 71 3 75 4 78 7 0
18 2 73 3 78 5 81 8 0
19 4 77 2 81 4 83 6 0
20 5 82 3 83 1 86 4 0

68 56 124 18
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5. The average time between arrivals is 4.3 minutes. This is determined in
the following manner:

average time between
arrivals (minutes)

=
sum of all times

between arrivals (minutes)
number of arrivals −1

= 82
19

= 4.3 minutes

One is subtracted from the denominator because the first arrival is as-
sumed to occur at time 0. This result can be compared to the expected
time between arrivals by finding the mean of the discrete uniform dis-
tribution whose endpoints are a = 1 and b = 8. The mean is given
by

E(A) = a + b

2
= 1 + 8

2
= 4.5 minutes

The expected time between arrivals is slightly higher than the average.
However, as the simulation becomes longer, the average value of the time
between arrivals will approach the theoretical mean, E(A).

6. The average waiting time of those who wait is 4.3 minutes. This is deter-
mined in the following manner:

Average waiting time of
those who wait (minutes)

= total time customers wait in queue (minutes)
total number of customers who wait

= 56
13

= 4.3 minutes

7. The average time a customer spends in the system is 6.2 minutes. This
can be determined in two ways. First, the computation can be achieved
by the following relationship:

average time customer

spends in the system

(minutes)

=
total time customers spend in the

system (minutes)
total number of customers

= 124
20

= 6.2 minutes

The second way of computing this same result is to realize that the fol-
lowing relationship must hold:

average time average time average time
customer spends customer spends customer spends

in the system = waiting in the + in service
(minutes) queue (minutes) (minutes)
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From findings 1 and 4 this results in:

Average time customer spends in the system (minutes)

= 2.8 + 3.4 = 6.2 minutes

A decision maker would be interested in results of this type, but a longer
simulation would increase the accuracy of the findings. However, some sub-
jective inferences can be drawn at this point. Most customers have to wait;
however, the average waiting time is not excessive. The server does not have
an undue amount of idle time. Objective statements about the results would
depend on balancing the cost of waiting with the cost of additional servers.
(Simulations requiring variations of the arrival and service distributions, as
well as implementation in a spreadsheet, are presented as exercises for the
reader.) m

EXAMPLE 2.2 The Able Baker Carhop Problem
This example illustrates the simulation procedure when there is more than one
service channel. Consider a drive-in restaurant where carhops take orders and
bring food to the car. Cars arrive in the manner shown in Table 2.11. There are
two carhops—Able and Baker. Able is better able to do the job and works a bit
faster than Baker. The distribution of their service times is shown in Tables 2.12
and 2.13.

Table 2.11 Interarrival Distribution of Cars

Time between

Arrivals Cumulative Random-Digit

(Minutes) Probability Probability Assignment

1 0.25 0.25 01−25

2 0.40 0.65 26−65

3 0.20 0.85 66−85

4 0.15 1.00 86−00

The simulation proceeds in a manner similar to Example 2.1, except that
it is more complex because of the two servers. A simplifying rule is that Able
gets the customer if both carhops are idle. Perhaps, Able has seniority. (The

Table 2.12 Service Distribution of Able

Service Time Cumulative Random-Digit

(Minutes) Probability Probability Assignment

2 0.30 0.30 01−30

3 0.28 0.58 31−58

4 0.25 0.83 59−83

5 0.17 1.00 84−00
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Table 2.13 Service Distribution of Baker

Service Time Cumulative Random-Digit

(Minutes) Probability Probability Assignment

3 0.35 0.35 01−35

4 0.25 0.60 36−60

5 0.20 0.80 61−80

6 0.20 1.00 81−00

solution would be different if the decision were made at random or by any other
rule.)

The problem is to find how well the current arrangement is working.
To estimate the system measures of performance, a simulation of 1 hour of
operation is made. A longer simulation would yield more reliable results, but
for purposes of illustration a l-hour period has been selected.

The simulation proceeds in a manner similar to Example 2.1. Here there
are more events: a customer arrives, a customer begins service from Able, a
customer completes service from Able, a customer begins service from Baker,
and a customer completes service from Baker. The simulation table is shown
in Table 2.14.

In later exercises, the reader is asked to implement the simulation table,
Table 2.14, in a spreadsheet such as Excel. Here we provide a few hints (and
rules!). The row for the first customer is filled in manually, with the random-
number function RAND() or another random function replacing the random
digits. After the first customer, the cells for the other customers must be based
on logic and formulas. For example, the “Clock Time of Arrival” (column D)
in the row for the second customer is computed as follows:

D2 = D1 + C2

using notation similar to that used by most spreadsheets. (C2 is the time be-
tween arrivals 1 and 2.) This formula is easily generalized for any customer.

The logic to compute who gets a given customer, and when that service
begins, is more complex. Here we give a hint using the Excel macro function
IF(), which returns one of two values depending on whether a condition is true
or false. [The syntax is IF( condition, value if true, value if false).] The logic
goes as follows when a customer arrives: If the customer finds Able idle, the
customer begins service immediately with Able. If Able is not idle but Baker is,
then the customer begins service immediately with Baker. If both are busy, the
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customer begins service with the first server to become free. The logic requires
that we compute when Able and Baker will become free, for which we use the
built-in Excel function for maximum over a range, MAX(). For example, for
customer 10, Able will become free at MAX(H$1:H9), since service comple-
tion time is in column H and we need to look at customers 1–9. (Using H$1
instead of H1 works better with Excel when formulas are copied. The dollar
sign indicates an absolute reference versus a relative reference to a cell.) The
resulting formula to compute whether and when Able serves customer 10 is as
follows:

F10 = IF(D10>MAX(H$1:H9),D10, IF(D10>MAX(K$1:K9),’’’’,
MIN(MAX(H$1:H9),MAX(K$1:K9))))

In this formula, note that if the first condition (Able idle when customer 10
arrives) is true, then the customer begins immediately at the arrival time in
D10. Otherwise, a second IF() function is evaluated, which says if Baker is
idle, put nothing (“”) in the cell. Otherwise, the function returns the time that
Able or Baker becomes idle, whichever is first [the minimum or MIN() of their
respective completion times]. A similar formula applies to cell I10 for “Time
Service Begins” for Baker. For service times for Able, you could use another
IF() function to make the cell blank or have a value:

G10 = IF(F10 > 0,new service time, "")
H10 = IF(F10 > 0, F10+G10, "")

and similarly for Baker. With these hints, we leave the formula for
new service time as well as the remainder of the solution to the reader.

The analysis of Table 2.14 results in the following:

1. Over the 62-minute period Able was busy 90% of the time.

2. Baker was busy only 69% of the time. The seniority rule keeps Baker less
busy (and gives Able more tips).

3. Nine of the 26 arrivals (about 35%) had to wait. The average waiting time
for all customers was only about 0.42 minute (25 seconds), which is very
small.

4. Those nine who did have to wait only waited an average of 1.22 minutes,
which is quite low.

5. In summary, this system seems well balanced. One server cannot handle
all the diners, and three servers would probably be too many. Adding
an additional server would surely reduce the waiting time to nearly zero.
However, the cost of waiting would have to be quite high to justify an
additional server. m
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Table 2.14 Simulation Table for Carhop Example

A B C D E F G H I J K L
Able Baker

Customer Random Digits Time between Clock Time Random Digits Time Service Service Time Service Time Service Service Time Service Time in
No. for Arrival Arrivals of Arrival for Service Begins Time Ends Begins Time Ends Queue

1 − − 0 95 0 5 5 0
2 26 2 2 21 2 3 5 0
3 98 4 6 51 6 3 9 0
4 90 4 10 92 10 5 15 0
5 26 2 12 89 12 6 18 0
6 42 2 14 38 15 3 18 1
7 74 3 17 13 18 2 20 1
8 80 3 20 61 20 4 24 0
9 68 3 23 50 23 4 27 0

10 22 1 24 49 24 3 27 0
11 48 2 26 39 27 3 30 1
12 34 2 28 53 28 4 32 0
13 45 2 30 88 30 5 35 0
14 24 1 31 01 32 3 35 1
15 34 2 33 81 35 4 39 2
16 63 2 35 53 35 4 39 0
17 38 2 37 81 39 4 43 2
18 80 3 40 64 40 5 45 0
19 42 2 42 01 43 2 45 1
20 56 2 44 67 45 4 49 1
21 89 4 48 01 48 3 51 0
22 18 1 49 47 49 3 52 0
23 51 2 51 75 51 5 56 0
24 71 3 54 57 54 3 57 0
25 16 1 55 87 56 6 62 1
26 92 4 59 47 59 3 62 0

56 43 11
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2.2 Simulation of Inventory Systems

An important class of simulation problems involves inventory systems. A sim-
ple inventory system is shown in Figure 2.7. This inventory system has a periodic
review of length N , at which time the inventory level is checked. An order is
made to bring the inventory up to the level M . At the end of the first review
period, an order quantity, Q1, is placed. In this inventory system the lead time
(i.e., the length of time between the placement and receipt of an order) is zero.
Since demands are not usually known with certainty, the order quantities are
probabilistic. Demand is shown as being uniform over the time period in Fig-
ure 2.7. In actuality, demands are not usually uniform and do fluctuate over
time. One possibility is that demands all occur at the beginning of the cycle.
Another is that the lead time is random of some positive length.

M
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nt
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Time
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N N N

Q1 Q2

Q3

Figure 2.7 Probabilistic order-level inventory system.

Notice that in the second cycle, the amount in inventory drops below
zero, indicating a shortage. In Figure 2.7, these units are backordered; when
the order arrives, the demand for the backordered items is satisfied first. To
avoid shortages, a buffer, or safety, stock would need to be carried.

Carrying stock in inventory has an associated cost attributed to the inter-
est paid on the funds borrowed to buy the items (this also could be considered
as the loss from not having the funds available for other investment purposes).
Other costs can be placed in the carrying or holding cost column: renting of stor-
age space, hiring guards, and so on. An alternative to carrying high inventory
is to make more frequent reviews, and consequently, more frequent purchases
or replenishments. This has an associated cost: the ordering cost. Also, there is
a cost in being short. Customers may get angry, with a subsequent loss of good
will. Larger inventories decrease the possibilities of shortages. These costs
must be traded off in order to minimize the total cost of an inventory system.

The total cost (or total profit) of an inventory system is the measure of
performance. This can be affected by the policy alternatives. For example,
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in Figure 2.7, the decision maker can control the maximum inventory level,
M , and the length of the cycle, N . What effect does changing N have on the
various costs?

In an (M, N) inventory system, the events that may occur are: the demand
for items in the inventory, the review of the inventory position, and the receipt
of an order at the end of each review period. When the lead time is zero, as in
Figure 2.7, the last two events occur simultaneously.

In the following example for deciding how many newspapers to buy, only
a single time period of specified length is relevant and only a single procurement
is made. Inventory remaining at the end of the single time period is sold for
scrap or discarded. A wide variety of real-world problems are of this form,
including the stocking of spare parts, perishable items, style goods, and special
seasonal items [Hadley and Whitin, 1963].

EXAMPLE 2.3 The Newspaper Seller’s Problem
A classical inventory problem concerns the purchase and sale of newspapers.
The paper seller buys the papers for 33 cents each and sells them for 50 cents
each. Newspapers not sold at the end of the day are sold as scrap for 5 cents
each. Newspapers can be purchased in bundles of 10. Thus, the paper seller can
buy 50, 60, and so on. There are three types of newsdays, “good,” “fair,” and
“poor,” with probabilities of 0.35, 0.45, and 0.20, respectively. The distribution
of papers demanded on each of these days is given in Table 2.15. The problem
is to determine the optimal number of papers the newspaper seller should
purchase. This will be accomplished by simulating demands for 20 days and
recording profits from sales each day.

The profits are given by the following relationship:

Profit =
( revenue

from sales

)
−

(
cost of

newspapers

)

−
(

lost profit from
excess demand

)
+

(
salvage from sale
of scrap papers

)

Table 2.15 Distribution of Newspapers
Demanded

Demand Probability Distribution

Demand Good Fair Poor

40 0.03 0.10 0.44

50 0.05 0.18 0.22

60 0.15 0.40 0.16

70 0.20 0.20 0.12

80 0.35 0.08 0.06

90 0.15 0.04 0.00

100 0.07 0.00 0.00
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Table 2.16 Random-Digit Assignment for Type of
Newsday

Cumulative Random-Digit

Type of Newsday Probability Probability Assignment

Good 0.35 0.35 01−35

Fair 0.45 0.80 36−80

Poor 0.20 1.00 81−00

From the problem statement, the revenue from sales is 50 cents for each paper
sold. The cost of newspapers is 33 cents for each paper purchased. The lost
profit from excess demand is 17 cents for each paper demanded that could not
be provided. Such a shortage cost is somewhat controversial but makes the
problem much more interesting. The salvage value of scrap papers is 5 cents
each.

Tables 2.16 and 2.17 provide the random-digit assignments for the types
of newsdays and the demands for those newsdays. To solve this problem by
simulation requires setting a policy of buying a certain number of papers each
day, then simulating the demands for papers over the 20-day time period to
determine the total profit. The policy (number of newspapers purchased) is
changed to other values and the simulation repeated until the best value is
found.

Table 2.17 Random-Digit Assignments for Newspapers
Demanded

Cumulative DistributionRandom-Digit Assignment

Demand Good Fair Poor Good Fair Poor

40 0.03 0.10 0.44 01−03 01−10 01−44

50 0.08 0.28 0.66 04−08 11−28 45−66

60 0.23 0.68 0.82 09−23 29−68 67−82

70 0.43 0.88 0.94 24−43 69−88 83−94

80 0.78 0.96 1.00 44−78 89−96 95−00

90 0.93 1.00 1.00 79−93 97−00

100 1.00 1.00 1.00 94−00

The simulation table for the decision to purchase 70 newspapers is shown
in Table 2.18.

On day 1 the demand is for 60 newspapers. The revenue from the sale
of 60 newspapers is $30.00. Ten newspapers are left over at the end of the
day. The salvage value at 5 cents each is 50 cents. The profit for the first day is
determined as follows:

Profit = $30.00 − $23.10 − 0 + $.50 = $7.40
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Table 2.18 Simulation Table for Purchase of 70 Newspapers

Random

Digits for Random Revenue Lost Profit Salvage

Type of Type of Digits for from from Excess from Sale Daily

Day Newsday Newsday Demand Demand Sales Demand of Scrap Profit

1 94 Poor 80 60 $30.00 − $0.50 $7.40

2 77 Fair 20 50 25.00 − 1.00 2.90

3 49 Fair 15 50 25.00 − 1.00 2.90

4 45 Fair 88 70 35.00 − − 11.90

5 43 Fair 98 90 35.00 $3.40 − 8.50

6 32 Good 65 80 35.00 1.70 − 10.20

7 49 Fair 86 70 35.00 − − 11.90

8 00 Poor 73 60 30.00 − 0.50 7.40

9 16 Good 24 70 35.00 − − 11.90

10 24 Good 60 80 35.00 1.70 − 10.20

11 31 Good 60 80 35.00 1.70 − 10.20

12 14 Good 29 70 35.00 − − 11.90

13 41 Fair 18 50 25.00 − 1.00 2.90

14 61 Fair 90 80 35.00 1.70 − 10.20

15 85 Poor 93 70 35.00 − − 11.90

16 08 Good 73 80 35.00 1.70 − 10.20

17 15 Good 21 60 30.00 − 0.50 7.40

18 97 Poor 45 50 25.00 − 1.00 2.90

19 52 Fair 76 70 35.00 − − 11.90

20 78 Fair 96 80 35.00 1.70 − 10.20

$645.00 $13.60 $5.50 $174.90
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On the fifth day the demand is greater than the supply. The revenue
from sales is $35.00, since only 70 papers are available under this policy. An
additional 20 papers could have been sold. Thus, a lost profit of $3.40 (20 × 17
cents) is assessed. The daily profit is determined as follows:

Profit = $35.00 − $23.10 − $3.40 + 0 = $8.50

The profit for the 20-day period is the sum of the daily profits, $174.90. It can
also be computed from the totals for the 20 days of the simulation as follows:

Total profit = $645.00 − $462.00 − $13.60 + $5.50 = $174.90

In general, since the results of one day are independent of those of previous
days, inventory problems of this type are easier than queueing problems when
solved in a spreadsheet such as Excel. The determination of the optimal number
of newspapers to purchase is left as an exercise for the reader. m

EXAMPLE 2.4 Simulation of an (M, N ) Inventory System
This example follows the pattern of the probabilistic order-level inventory sys-
tem shown in Figure 2.7. Suppose that the maximum inventory level, M , is
11 units and the review period, N , is 5 days. The problem is to estimate, by
simulation, the average ending units in inventory and the number of days when
a shortage condition occurs. The distribution of the number of units demanded
per day is shown in Table 2.19. In this example, lead time is a random variable,
as shown in Table 2.20. Assume that orders are placed at the close of business
and are received for inventory at the beginning of business as determined by
the lead time.

Table 2.19 Random-Digit Assignments for Daily Demand

Cumulative Random-Digit
Demand Probability Probability Assignment

0 0.10 0.10 01−10
1 0.25 0.35 11−35
2 0.35 0.70 36−70
3 0.21 0.91 71−91
4 0.09 1.00 92−00

Table 2.20 Random-Digit Assignments for Lead Time

Lead Time Cumulative Random-Digit
(Days) Probability Probability Assignment

1 0.6 0.6 1−6
2 0.3 0.9 7−9
3 0.1 1.0 0
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Table 2.21 Simulation Tables for (M, N ) Inventory System

Random Random Days until

Beginning Digits for Ending Shortage Order Digits for Order

Cycle Day Inventory Demand Demand Inventory Quantity Quantity Lead Time Arrives

1 1 3 24 1 2 0 − − 1
2 2 35 1 1 0 − − 0
3 9 65 2 7 0 − − −
4 7 81 3 4 0 − − −
5 4 54 2 2 0 9 5 1

2 1 2 03 0 2 0 − − 0
2 11 87 3 8 0 − − −
3 8 27 1 7 0 − − −
4 7 73 3 4 0 − − −
5 4 70 2 2 0 9 0 3

3 1 2 47 2 0 0 − − 2
2 0 45 2 0 2 − − 1
3 0 48 2 0 4 − − 0
4 9 17 1 4 0 − − −
5 4 09 0 4 0 7 3 1

4 1 4 42 2 2 0 − − 0
2 9 87 3 6 0 − − −
3 6 26 1 5 0 − − −
4 5 36 2 3 0 − − −
5 3 40 2 1 0 10 4 1

5 1 1 07 0 1 0 − − 0
2 11 63 2 9 0 − − −
3 9 19 1 8 0 − − −
4 8 88 3 5 0 − − −
5 5 94 4 1 0 10 8 2

88
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To make an estimate of the mean units in ending inventory, many cycles
would have to be simulated. For purposes of this example, only five cycles will
be shown. The reader is asked to continue the example as an exercise at the
end of the chapter.

The random-digit assignments for daily demand and lead time are shown
in the rightmost columns of Tables 2.19 and 2.20. The resulting simulation table
is shown in Table 2.21. The simulation has been started with the inventory level
at 3 units and an order of 8 units scheduled to arrive in 2 days’ time.

Following the simulation table for several selected days indicates how the
process operates. The order for 8 units is available on the morning of the third
day of the first cycle, raising the inventory level from 1 unit to 9 units. Demands
during the remainder of the first cycle reduced the ending inventory level to
2 units on the fifth day. Thus, an order for 9 units was placed. The lead time
for this order was 1 day. The order of 9 units was added to inventory on the
morning of day 2 of cycle 2.

Notice that the beginning inventory on the second day of the third cycle
was zero. An order for 2 units on that day led to a shortage condition. The
units were backordered on that day and the next day also. On the morning of
day 4 of cycle 3 there was a beginning inventory of 9 units. The 4 units that were
backordered and the 1 unit demanded that day reduced the ending inventory
to 4 units.

Based on five cycles of simulation, the average ending inventory is approx-
imately 3.5 (88 ÷ 25) units. On 2 of 25 days a shortage condition existed. m

2.3 Other Examples of Simulation

This section includes examples of the simulation of a reliability problem, a
bombing mission, and the generation of the lead-time demand distribution
given the distributions of demand and lead time.

EXAMPLE 2.5 A Reliability Problem
A large milling machine has three different bearings that fail in service. The
cumulative distribution function of the life of each bearing is identical, as shown
in Table 2.22. When a bearing fails, the mill stops, a repairperson is called, and
a new bearing is installed. The delay time of the repairperson’s arriving at
the milling machine is also a random variable, with the distribution given in
Table 2.23. Downtime for the mill is estimated at $5 per minute. The direct
on-site cost of the repairperson is $15 per hour. It takes 20 minutes to change
one bearing, 30 minutes to change two bearings, and 40 minutes to change three
bearings. The bearings cost $16 each. A proposal has been made to replace all
three bearings whenever a bearing fails. Management needs an evaluation of
this proposal.

Table 2.24 represents a simulation of 20,000 hours of operation under the
current method of operation. Note that there are instances where more than
one bearing fails at the same time. This is unlikely to occur in practice and is
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Table 2.22 Bearing-Life Distribution

Bearing

Life Cumulative Random-Digit

(Hours) Probability Probability Assignment

1000 0.10 0.10 01−10

1100 0.13 0.23 11−23

1200 0.25 0.48 24−48

1300 0.13 0.61 49−61

1400 0.09 0.70 62−70

1500 0.12 0.82 71−82

1600 0.02 0.84 83−84

1700 0.06 0.90 85−90

1800 0.05 0.95 91−95

1900 0.05 1.00 96−00

due to using a rather coarse grid of 100 hours. It will be assumed in this example
that the times are never exactly the same, and thus no more than one bearing is
changed at any breakdown. Sixteen bearing changes were made for bearings
1 and 2, but only 14 bearing changes were required for bearing 3. The cost of
the current system is estimated as follows:

Cost of bearings = 46 bearings × $16/bearing = $736

Cost of delay time = (110 + 125 + 95) minutes × $5/minute = $1650

Cost of downtime during repair =
46 bearings × 20 minutes/bearing × $5/minute = $4600

Cost of repairpersons =
46 bearings × 20 minutes/bearing × $15/60 minutes= $230

Total cost = $736 + $1650 + $4600 + $230 = $7216

Table 2.23 Delay-Time Distribution

Delay Time Cumulative Random-Digit
(Minutes) Probability Probability Assignment

5 0.6 0.6 1−6
10 0.3 0.9 7−9
15 0.1 1.0 0

Table 2.25 is a simulation using the proposed method. Notice that bearing
life is taken from Table 2.24, so that for as many bearings as were used in the cur-
rent method, the bearing life is identical for both methods.
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Table 2.24 Bearing Replacement Using Current Method

Bearing 1 Bearing 2 Bearing 3

Accumulated Accumulated Accumulated

Life Life Delay Life Life Delay Life Life Delay

RDa (Hours) (Hours) RD (Minutes) RD (Hours) (Hours) RD (Minutes) RD (Hours) (Hours) RD (Minutes)

1 67 1,400 1,400 2 5 70 1,500 1,500 0 15 76 1,500 1,500 0 15

2 08 1,000 2,400 3 5 43 1,200 2,700 7 10 65 1,400 2,900 2 5

3 49 1,300 3,700 1 5 86 1,700 4,400 3 5 61 1,400 4,300 7 10

4 84 1,600 5,300 7 10 93 1,800 6,200 1 5 96 1,900 6,200 1 5

5 44 1,200 6,500 8 10 81 1,600 7,800 2 5 65 1,400 7,600 3 5

6 30 1,200 7,700 1 5 44 1,200 9,000 8 10 56 1,300 8,900 3 5

7 10 1,000 8,700 2 5 19 1,100 10,100 1 5 11 1,100 10,000 6 5

8 63 1,400 10,100 8 10 51 1,300 11,400 1 5 86 1,700 11,700 3 5

9 02 1,000 11,100 3 5 45 1,300 12,700 7 10 57 1,300 13,000 1 5

10 02 1,000 12,100 8 10 12 1,100 13,800 8 5 49 1,300 14,300 4 5

11 77 1,500 13,600 7 10 48 1,300 15,100 0 15 36 1,200 15,500 8 10

12 59 1,300 14,900 5 5 09 1,000 16,100 8 10 44 1,200 16,700 2 5

13 23 1,100 16,000 5 5 44 1,200 17,300 1 5 94 1,800 18,500 1 5

14 53 1,300 17,300 9 10 46 1,200 18,500 2 5 78 1,500 20,000 7 10

15 85 1,700 19,000 6 5 40 1,200 19,700 8 10

16 75 1,500 20,500 4 5 52 1,300 21,000 5 5

110 125 95
a RD, random digits.
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Table 2.25 Bearing Replacement using Proposed Method

Bearing 1 Bearing 2 Bearing 3 First Accumulated
Life Life Life Failure Life Delay

(Hours) (Hours) (Hours) (Hours) (Hours) RD (Minutes)
1 1,400 1,500 1,500 1,400 1,400 3 5
2 1,000 1,200 1,400 1,000 2,400 7 10
3 1,300 1,700 1,400 1,300 3,700 5 5
4 1,600 1,800 1,900 1,600 5,300 1 5
5 1,200 1,600 1,400 1,200 6,500 4 5
6 1,200 1,200 1,300 1,200 7,700 3 5
7 1,000 1,100 1,100 1,000 8,700 7 10
8 1,400 1,300 1,700 1,300 10,000 8 10
9 1,000 1,300 1,300 1,000 11,000 8 10

10 1,000 1,100 1,300 1,000 12,000 3 5
11 1,500 1,300 1,200 1,200 13,200 2 5
12 1,300 1,000 1,200 1,000 14,200 4 5
13 1,100 1,200 1,800 1,100 15,300 1 5
14 1,300 1,200 1,500 1,200 16,500 6 5
15 1,700 1,200 63/1,400 1,200 17,700 2 5
16 1,500 1,300 21/1,100 1,100 18,800 7 10
17 85/1,700 53/1,300 23/1,100 1,100 19,900 0 15
18 05/1,000 29/1,200 51/1,300 1,000 20,900 5 5

125

It is assumed that the bearings are in order on a shelf and they are taken
sequentially and placed on the mill. Since the proposed method uses more
bearings than the current method, the second simulation uses new random
digits for generating the additional lifetimes. (When comparing two scenarios,
the effect of using different random numbers versus common random numbers
is discussed in Chapter 12.) The random digits that lead to the lives of the
additional bearings are shown above the slashed line beginning with the 15th
replacement of bearing 3. When the new policy is used, some 18 sets of bearings
were required. In the two simulations, repairperson delays were not duplicated
but were generated independently using different random digits. The total cost
of the new policy is computed as follows:

Cost of bearings = 54 bearings × $16/bearing = $864

Cost of delay time = 125 minutes × $5/minute = $625

Cost of downtime during repairs =
18 sets× 40 minutes/set× $5/minute = $3600

Cost of repairpersons =
18 sets × 40 minutes/set × $15/60 minutes = $180

Total cost = $864 + $625 + $3600 + $180 = $5269
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The new policy generates a savings of $1947 over a 20,000-hour simulation.
If the machine runs continuously, the simulated time is about 2 1

4 years. Thus,
the savings are about $865 per year. m

EXAMPLE 2.6 Random Normal Numbers
A classic simulation problem is that of a squadron of bombers attempting to
destroy an ammunition depot shaped as shown in Figure 2.8. If a bomb lands
anywhere on the depot, a hit is scored. Otherwise, the bomb is a miss. The
aircraft fly in the horizontal direction. Ten bombers are in each squadron. The
aiming point is the dot located in the heart of the ammunition dump. The point
of impact is assumed to be normally distributed around the aiming point with
a standard deviation of 600 meters in the horizontal direction and 300 meters
in the vertical direction. The problem is to simulate the operation and make
statements about the number of bombs on target.

Recall that the standardized normal variate, Z , with mean 0 and standard
deviation 1, is distributed as

Z = X − µ
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Figure 2.8 Ammunition depot.
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where X is a normal random variable, µ is the true mean of the distribution of
X, and σ is the standard deviation of X. Then,

X = Zσ + µ.

In this example the aiming point can be considered as (0, 0); that is, the µ value
in the horizontal direction is 0, and similarly for the µ value in the vertical
direction. Then,

X = ZσX

Y = ZσY

where (X, Y ) are the simulated coordinates of the bomb after it has fallen.
Now, σX = 600 and σY = 300. Therefore,

X = 600Zi

Y = 300Zj

The i and j subscripts have been added to indicate that the values of Z should
be different. What are these Z values and where can they be found? The values
of Z are random normal numbers. These can be generated from uniformly
distributed random numbers, as discussed in Chapter 7. Alternatively, tables
of random normal numbers have been generated. A small sample of random
normal numbers is given in Table A.2. If using a spreadsheet, there is a built-in
function that generates normal random numbers. (For Excel, use the Random
Number Generation tool in the Analysis TookPak Add-In to generate any
number of normal random values in a range of cells.)

To understand what happens in these bombing missions, a simulation of
perhaps 10 or 20 runs might be conducted. However, space limitations do not
permit such an extensive simulation. An example of one run will indicate how
the simulation is performed. The table of random normal numbers is used in
the same way as the table of random numbers: that is, start at a random place
in the table and proceed in a systematic direction, avoiding overlap. Table 2.26
shows the results of a simulated run.

The mnemonic RNNx stands for “random normal number to compute
the x coordinate” and corresponds to Zi above. The first random normal
number used was −0.84, generating an x coordinate 600(−0.84) = −504. The
random normal number to generate the y coordinate was 0.66, resulting in a y

coordinate of 198. Taken together, (−504, 198) is a miss, for it is off the target.
The resulting point and that of the third bomber are plotted on Figure 2.8. The
10 bombers had 3 hits and 7 misses. Many more runs are needed to assess the
potential for destroying the dump. Additional runs appear as an exercise for
the reader. This is an example of a Monte Carlo, or static, simulation, since
time is not an element of the solution. m
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Table 2.26 Simulated Bombing Run

x Coordinate y Coordinate

Bomber RNNx (600 RNNx) RNNy (300 RNNy) Resulta

1 −0.84 −504 0.66 198 Miss

2 1.03 618 −0.13 −39 Miss

3 0.92 552 0.06 18 Hit

4 −1.82 −1,092 −1.40 −420 Miss

5 −0.16 −96 0.23 69 Hit

6 −1.78 −1,068 1.33 399 Miss

7 2.04 1,224 0.69 207 Miss

8 1.08 648 −1.10 −330 Miss

9 −1.50 −900 −0.72 −216 Miss

10 −0.42 −252 −0.60 −180 Hit
a Total: 3 hits, 7 misses.

EXAMPLE 2.7 Lead-Time Demand

Lead-time demand may occur in an inventory system when the lead time is other
than instantaneous. The lead time is the time from placement of an order until
the order is received. In a realistic situation, lead time is a random variable.
During the lead time, demands also occur at random. Lead-time demand is
thus a random variable defined as the sum of the demands over the lead time,
or

∑T
i=0 Di , where i is the time period of the lead time, i = 0, 1, 2, . . . ; Di is

the demand during the i th time period; and T is the lead time. The distribution
of lead-time demand is determined by simulating many cycles of lead time and
building a histogram based on the results.

A firm sells bulk rolls of newsprint. The daily demand is given by the
following probability distribution:

Daily Demand (Rolls) 3 4 5 6

Probability 0.20 0.35 0.30 0.15

The lead time is the number of days from placing an order until the firm receives
the order from the supplier. In this instance, lead time is a random variable
given by the following distribution:

Lead Time (Days) 1 2 3

Probability 0.36 0.42 0.22

Table 2.27 shows the random-digit assignment for demand, and Table 2.28
does the same for lead time. The incomplete simulation table is shown in
Table 2.29. The random digits for the first cycle were 57. This generates a lead
time of 2 days. Thus, two pairs of random digits must be generated for the
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Table 2.27 Random-Digit Assignment for Demand

Cumulative Random-Digit
Daily Demand Probability Probability Assignment

3 0.20 0.20 01−20
4 0.35 0.55 21−55
5 0.30 0.85 56−85
6 0.15 1.00 86−00

daily demand. The first of these pairs is 87, which leads to a demand of 6. This
is followed by a demand of 4. The lead-time demand for the first cycle is 10.
After many cycles are simulated, a histogram is formulated. The histogram
might appear as shown in Figure 2.9. This example illustrates how simulation
can be used to study an unknown distribution by generating a random sample
from the distribution. m

Table 2.28 Random-Digit Assignment for
Lead Time

Lead

Time Cumulative Random-Digit

(Days) Probability Probability Assignment

1 0.36 0.36 01−36

2 0.42 0.78 37−78

3 0.22 1.00 79−00

Table 2.29 Simulation Table for Lead-Time Demand

Random Lead Random

Digits for Time Digits Lead-Time

Cycle Lead Time (Days) for Demand Demand Demand

1 57 2 87 6

34 4 10

2 33 1 82 5 5

3 93 3 28 4

19 3

63 5 12

4 55 2 91 6

26 4 10

· · · · · ·
· · · · · ·
· · · · · ·
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Figure 2.9 Histogram for lead-time demand.

2.4 Summary

This chapter introduced simulation concepts via examples in order to illustrate
general areas of application and to motivate the remaining chapters. The next
chapter gives a more systematic presentation of the basic concepts.

Ad hoc simulation tables were used in completing each example. Events
in the tables were generated using uniformly distributed random numbers and,
in one case, random normal numbers. The examples illustrate the need for
determining the characteristics of the input data, generating random variables
from the input models, and analyzing the resulting response. The queueing
examples, especially the two-channel queue, illustrate some of the complex
dependencies that can occur—in this example, between subsequent customers
visiting the queue. Because of these complexities, the ad hoc simulation table
approach fails, or becomes unbearably complex, even with relatively simple
networks of queues. For this and other reasons, a more systematic methodol-
ogy, such as the event-scheduling approach described in Chapter 3, is needed.
These subjects are treated in more detail in the remaining chapters of the
text.

Examples are drawn principally from queueing and inventory systems,
because a large number of simulations concern problems in these areas. Addi-
tional examples are given in the areas of reliability, static simulation, and the
generation of a random sample from an unknown distribution.
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EXERCISES

If solving a problem manually with a simulation table, use different random digits
taken from Table A.l for all problems referring to examples in the text. Many of
the problems solved with a simulation table can be solved in a spreadsheet such
as Excel. If using a spreadsheet, the reader is encouraged to investigate in the
help system the existence and syntax for some common but useful functions. [For
example, in Excel, use RAND() for random numbers between 0 and 1; IF() to
return one of two values depending on whether a condition is true or false; MAX()
and MIN() for maximums and minimums, etc.] Recall, also, that numerous hints
for spreadsheet implementation were given in the text for the queueing examples.

1 In Example 2.1, let the arrival distribution be uniformly distributed between 1 and
10 minutes. Develop the simulation table and the analysis for 20 customers. What
is the effect of changing the arrival-time distribution?

2 In Example 2.1, let the service distribution be changed to the following:

Service Time (Minutes) 1 2 3 4 5 6
Probability 0.05 0.10 0.20 0.30 0.25 0.10

Develop the simulation table and the analysis for 20 customers. What is the effect
of changing the service-time distribution?

3 Perform the simulation in Example 2.1 for 20 more customers (customers 21 through
40). Compare the results of Example 2.1 to your results.

4 In Example 2.1, determine the time-weighted-average number of customers in the
system and the time-weighted-average number of customers waiting. [Hint: Use
Figure 2.6.]

5 In Example 2.2, change the arrival distribution of cars to the following:

Time between
Arrivals (Minutes) 0 1 2 3 4
Probability 0.10 0.20 0.35 0.20 0.15

Develop the simulation and subsequent analysis for a period of 1 hour. What is the
effect of changing the arrival distribution?

6 Again, with respect to Example 2.2, Able has a kneecap injury and cannot move
as fast. Consequently, two things happen. Able’s service distribution changes and
Baker gets first shot at the customer if both carhops are idle. Able’s new service
distribution is as follows:

Service Time (Minutes) 3 4 5 6
Probability 0.30 0.30 0.25 0.15

(a) Develop a simulation and subsequent analysis for 30 service completions.
What is the effect of Able’s injury and the new rule?

(b) What would be the effect of adding a new employee who works at Baker’s
speed? The new employee would have all leftover work after Baker and
Able.
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7 Modify Example 2.2 so that Able has a probability of 0.45 of getting a customer in
case both are idle. What is the effect of such a change?

8 Consider the following continuously operating job shop. Interarrival times of jobs
are distributed as follows:

Time between Probability
Arrivals (Hours)

0 .23
1 .37
2 .28
3 .12

Processing times for jobs are normally distributed with mean 50 minutes and stan-
dard deviation 8 minutes. Construct a simulation table, and perform a simulation
for 10 new customers. Assume that when the simulation begins there is one job
being processed (scheduled to be completed in 25 minutes) and there is one job
with a 50-minute processing time in the queue.

1. What was the average time in the queue for the 10 new jobs?

2. What was the average processing time of the 10 new jobs?

3. What was the maximum time in the system for the 10 new jobs?

9 Determine the optimal number of newspapers to be purchased daily in Example 2.3.
Should the same random digits be used for each level of newspapers purchased by
the seller? Why or why not? What effect does using new random numbers have?

10 A baker is trying to determine how many dozens of bagels to bake each day. The
probability distribution of the number of bagel customers is as follows:

Number of Customers/Day 8 10 12 14
Probability 0.35 0.30 0.25 0.10

Customers order 1, 2, 3, or 4 dozen bagels according to the following probability
distribution.

Number of Dozen Ordered/Customer 1 2 3 4
Probability 0.4 0.3 0.2 0.1

Bagels sell for $5.40 per dozen. They cost $3.80 per dozen to make. All bagels not
sold at the end of the day are sold at half-price to a local grocery store. Based on
5 days of simulation, how many dozen (to the nearest 10 dozen) bagels should be
baked each day?

11 Demand for widgets follows the probability distribution shown:

Daily Demand 0 1 2 3 4
Probability 0.33 0.25 0.20 0.12 0.10
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Stock is examined every 7 days (the plant is in operation every day) and, if the stock
level has reached 6 units, or less, an order for 10 widgets is placed. The lead time
(days until delivery) is probabilistic and follows the following distribution:

Lead Time (Days) 1 2 3
Probability 0.3 0.5 0.2

When the simulation begins, it is the beginning of the week, 12 widgets are on
hand, and no orders have been backordered. (Backordering is allowed.) Simulate
6 weeks of operation of this system. Analyze the system. Perform additional
simulations to determine the effect on shortages if increases or decreases occur in
(1) the review period, (2) the reorder quantity, and (3) the reorder point.

12 A plumbing supply firm is interested in the distribution of lead-time demand of
industrial sinks. The probability distribution for daily demand is known and occurs
as shown:

Daily Demand 0 1 2 3 4
Probability 0.18 0.39 0.29 0.090.05

The distribution of lead time has been reconstructed from past records as follows:

Lead Time (Days) 0 1 2 3 4 5
Probability 0.135 0.223 0.288 0.213 0.118 0.023

Develop the distribution of lead-time demand based on 20 cycles of lead time.
Prepare a histogram of the distribution using intervals 0–2, 3–5, . . . . Then, prepare
a histogram using intervals 0–1, 2–3, 4–5, . . .. Does changing the width of the
interval have a pronounced effect on the form of the histogram of the lead-time
demand distribution?

13 Develop and interpret flow diagrams analogous to Figures 2.2 and 2.3 for a queueing
system with i channels.

14 Rework the simulation of the proposed method of Example 2.5 using new random
digits. What is the effect on the total cost of generating a new set of events? When is
it satisfactory to use the same random digits (and events) for competing proposals?

15 Smalltown Taxi operates one vehicle during the 9:00 A.M. to 5:00 P.M. period. Cur-
rently, consideration is being given to the addition of a second vehicle to the fleet.
The demand for taxis follows the distribution shown:

Time between Calls (Minutes) 15 20 25 30 35
Probability 0.14 0.22 0.43 0.17 0.04

The distribution of time to complete a service is as follows:

Service Time (Minutes) 5 15 25 35 45
Probability 0.12 0.35 0.43 0.06 0.04

Simulate five individual days of operation of the current system and the system with
an additional taxicab. Compare the two systems with respect to the waiting times
of the customers and any other measures that might shed light on the situation.
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16 Continue Example 2.6 for nine more runs and estimate how well the simulated
bombers will do when they make their raid on the ammunition depot.

17 The random variables X, Y , and Z are distributed as follows:

X ∼ N(µ = 100, σ 2 = 100)

Y ∼ N(µ = 300, σ 2 = 225)

Z ∼ N(µ = 40, σ 2 = 64)

Simulate 50 values of the random variable

W = X + Y

Z

Prepare a histogram of the resulting values using class intervals of width equal to
3.

18 Given A, B , and C , three independent random variables: Variable A is normally
distributed with µ = 100 and σ 2 = 400. Variable B is discrete uniformly dis-
tributed with probability distribution given by p(b) = 1/5 with b = 0, 1, 2, 3 and
4. Variable C is distributed in accordance with the following table.

Value of C Probability
10 .10
20 .25
30 .50
40 .15

Use simulation to estimate the mean of a new variable D , defined as

D = (A − 25B)/(2C)

Use a sample of size 10.

19 Lead time for a stock item is normally distributed with a mean of 7 days and a
standard deviation of 2 days. Daily demand is distributed as follows:

Daily Demand 0 1 2 3 4
Probability 0.367 0.368 0.184 0.062 0.019

Determine the lead-time demand for 20 order cycles. (Round off lead time to the
closest integer during the simulation and, if a negative value results, give it a lead
time of zero.)

20 Consider Example 2.4.

(a) Extend the example for 15 more cycles and draw conclusions.

(b) Rework the example for 10 cycles with M = 10.

(c) Rework the example for 10 cycles with N = 6.
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21 Estimate, by simulation, the average number of lost sales per week for an inventory
system that functions as follows:

(a) Whenever the inventory level falls to or below 10 units, an order is placed.
Only one order can be outstanding at a time.

(b) The size of each order is equal to 20 − I , where I is the inventory level when
the order is placed.

(c) If a demand occurs during a period when the inventory level is zero, the sale
is lost.

(d) Daily demand is normally distributed with a mean of 5 units and a standard
deviation of 1.5 units. (Round off demands to the closest integer during the
simulation and, if a negative value results, give it a demand of zero.)

(e) Lead time is distributed uniformly between zero and 5 days, integers only.

(f) The simulation will start with 18 units in inventory.

(g) For simplicity, assume that all demands occur at 12 noon and that all orders
are placed at the same time. Assume further that orders are received at 5:00
P.M., or after the demand which occurred on that day.

(h) Let the simulation run for 5 weeks.

22 An elevator in a manufacturing plant carries exactly 400 kilograms of material.
There are three kinds of material, which arrive in boxes of known weight. These
materials and their distributions of time between arrivals are as follows:

Material Weight (kilograms) Interarrival Time (Minutes)
A 200 5 ± 2(uniform)
B 100 6(constant)
C 50 P(2) = 0.33

P(3) = 0.67

It takes the elevator 1 minute to go up to the second floor, 2 minutes to unload, and
1 minute to return to the first floor. The elevator does not leave the first floor unless
it has a full load. Simulate 1 hour of operation of the system. What is the average
transit time for a box of material A (time from its arrival until it is unloaded)? What
is the average waiting time for a box of material B? How many boxes of material
C made the trip in 1 hour?

23 The random variables X and Y are distributed as follows:

X ∼ 10 ± 10 (uniform)

Y ∼ 10 ± 8 (uniform)

(a) Simulate 200 values of the random variable

Z = XY

Prepare a histogram of the resulting values. What is the range of Z and what
is its average value?

(b) Same as (a) except
Z = X/Y
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24 Consider the assembly of two steel plates, each plate having a hole drilled in its
center. The plates are to be joined by a pin. The plates are aligned for assembly
relative to the bottom left corner (0, 0). The hole placement is centered at (3, 2) on
each plate. The standard deviation in each direction is 0.0045. The hole diameter is
normally distributed with a mean of 0.3 and a standard deviation of 0.005. The pin
diameter is also distributed normally with a mean of 0.29 and a standard deviation
of 0.004. What fraction of pins will go through the assembled plates? Base your
answer on a simulation of 50 observations.

[Hint: Clearance = Min(h1, h2) − [(x1 − x2)
2 + (y 1 − y 2)

2].5 − p , where

hi = hole diameter, i = plate 1, 2

p = pin diameter

xi = distance to center of plate hole, horizontal direction, i = 1, 2

yi = distance to center of plate hole, vertical direction, i = 1, 2.]

25 In the exercise above, the pin will wobble if it is too loose. Wobbling occurs if
Min(h1, h2) − p ≥ 0.006. What fraction of the assemblies wobble? (Conditional
probability, i.e., given that the pins go through.)

26 Three points are chosen at random on the circumference of a circle. Estimate the
probability that they all lie on the same semicircle, using Monte Carlo sampling
methods. Perform 5 replications.

27 Two theorems from statistics are as follows:

Theorem 1

Let Z1, Z2, . . . , Zk be normally and independently distributed random variables
with mean µ = 0 and variance σ 2 = 1. Then the random variable

χ2 = Z2
1 + Z2

2 + · · · + Z2
k

is said to follow the chi-squared distribution with k degrees of freedom, abbreviated
χ2

k .

Theorem 2

Let Z ∼ N(0, 1) and V be a chi-square random variable with k degrees of freedom.
If Z and V are independent, then the random variable

T = Z√
V/k

is said to follow the t distribution with k degrees of freedom, abbreviated tk .

Generate a t -distributed random variate with 3 degrees of freedom. Use a
spreadsheet and tabulate the generate values into a histogram; or, if manual, use
the following random values in the order shown:
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Random digitsRandom normal numbers
6729 1.06
1837 −0.72
2572 0.28
8134 −0.18
5251 −0.63

28 A bank has one drive-in teller and room for one additional customer to wait. Cus-
tomers arriving when the queue is full, park and go inside the bank to transact
business. The time-between-arrivals and service-time distributions are given be-
low.

Time between Service
Arrivals Time

(Minutes) Probability (Minutes) Probability
0 0.09 1 0.20
1 0.17 2 0.40
2 0.27 3 0.28
3 0.20 4 0.12
4 0.15
5 0.12

Simulate the operation of the drive-in teller for 10 new customers. The first of the
10 new customers arrives at a time determined at random. Start the simulation with
one customer being served, leaving at time 3, and one in the queue. How many
customers went into the bank to transact business?

29 The number of acres comprised by Cedar Bog Lake is being estimated. The lake
is shown in the accompanying sketch with the scale shown in feet. Use simulation
to estimate the size of the lake. (One acre = 43,560 square feet).
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